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^ ' Abstract 

t^ ■ A two-parameter characteristic of functions meromorphic on annuli is intro- 
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duced and an extension of the Nevanlinna value distribution theory for such 
functions is proposed. 

Introduction 

Meromorphic functions with m+1 possible essential singularities {cj}, Cj G C, 
j = 1, 2, ..., m, Cm+i = oo, are considered. In other words, we consider mero- 
morphic functions in a m-punctured plane. The example of such a function 
can be given by the composition / o 7?. of a function /, transcendental mero- 
morphic in C, and a rational function IZ with m + 1 distinct poles in C. 

We introduce a m + 1-parameter characteristic of meromorphic functions 
in a m-punctured plane and investigate the distribution of their values. The 



introduced characteristic possesses the properties similar to these ones of the 
classical Nevanlinna characteristic. 

To begin consider meromorphic functions with two possible essential singu- 
larities. Up to a linear fractional transformation we have and oo. That is, 
we consider meromorphic functions in the plane punctured at the origin. We 
will approach to both singularities by the annuli. Agr = {z : s < \z\ < r}. In 
other words, C \ {0} = |J Agr- 

0<s<r<+oo 

It seems that consideration of annuli Ai^, 1 < t, 1 < r, will be more con- 

T 

venient. 

Note, that there are essential differences between disks and annuli in the 
topoligal sence which are reflected in the theory of meromorphic functions. 
Firstly, the fundamental (Poincre) group of a disk is trivial, while for an 
annulus, we have a group isomorphic to the additive group Z. Secondly, the 
group of automorphisms of the unit disk is rich. It consists of the Mobius 
transformations. Therefore, the Poisson integral formula is an invariant form 
of the Gauss mean theorem and the Poisson- Jensen formula is an invariant 
form of Jensen's formula. More over, all disks are conformally equivalent. The 
situation with annuli is another. The group of automorphisms of an annulus is 
poor. If s 7^ -, it consists of rotations only. Annuli Air and Aip is conformally 
equivalent iS. r = p. Therefore, the theory of meromorphic functions on annuli 
is more complicated that this one in disks. But many results for meromorphic 
functions in C have their counterparts for these ones in a punctured plane 
C*. For example, the Picard theorem may be reformulated in the form. "For 
every non-constant meromorphic function in C* there is a linear fractional 
transformation u{C*) C /(C*)." If both, cu and /, are identical maps, we have 
the coincidence. 

In order to introduce a two-parameter characteristic we use the notion of 



index of a meromorphic function along a circle. 

1^. Index of / along a circle 

Lemma 1. Let f be a function meromorphic on {z : \z\ = t}, non identical 
zero. Then 

\z\=t 

is an integer. 

Proof. Denote ^{9) = te'^^ , < ^ < 2%. If / is holomorphic on the circle 
{z : \z\ = t} without zeroes on this circle then r{6) = (/ o ^){6), < 9 < 27r, 
is a closed path, and 

1 fr(^),,^±Jmm,^^e)de = 



2m J f{z) 2m J /(7(^))) 

\z\^t 

27r 

1 [Vie) ,, 1 /"dc , , ,^, 

= / T^de = / -r = Indr 0). 

27nJ r{e) 27nJ C 

r 

Taking the real parts of both sides we have 

iy{t J) = 2lndr{0). 

As index of C = with respect to F is an integer we obtain the needful 
conclusion in this case. 

/' 
If / has a unique simple zero a = te*", then f{z) = g{z){z — a), — = 

\ , and 

g z — a 

, / 1 , \ , / ite'^de \ 
Im az = Im 



la 



z — a J \t{e^^ — e 

= Re 7 — TTT d6 = - d6, 

1 - e*("-^) 2 



because the transformation w = maps the unit circle on the straight 

1 — z 

hne Rew; = 1/2. Hence, in this case 

iy{tj) = iy{t,g) + l. 

If / has a simple pole on the considered circle, then we obtain the similar 
equality with "-" instead of "+" . The final conclusion in the general case now 
follows by induction. 

The value z/(t, /) is said to be index of f along the circle {z : \z\ = t}. 

If a branch of log/ may by determined on the circle, then dlogf = ^jdz. 
Thus, Im ( y dz j = d arg f(z) and iy{t, f) is the increment of ^ arg / along the 
circle. 

D 

2^. Version 1 of Jensen's theorem 

Lemma 2. Let f be a function meromorphic on the closure of the annulus 
Asr = {z : s < \z\ < r}, and non identical zero. Then 

r 27r 27r 

j ''-^dt=^ j \og\f{re^')\de -^ j \og\f{se^')\de. (2) 

s 

Proof. Assume that there are neither zeroes nor poles of / on the interval 
{z = te^^ , s < t < r}. Then a branch of log/ can by determined on this 
interval, and we have 

r 

log f {r e^') - log f{se^') = J j^dz. 



This implies 



log l/lre'")! - log \f(.se")\ ^ j Re (^|^ e'") dt. 



The last equality is valid for all 6 from [0, 27r] except for a finite number of 
9. The integration over 9 yields 
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iy"log|/(re^^)|(i^-iyiog|/(se^^)|(i^ = 



27r r 

= - I d9 f-lmfjiteAdt. 

s 

Using the Fubini theorem and changing the order of integration we obtain 



3^. Version 2 of Jensen's theorem 



Suppose s < 1 < r and / meromorphic on the closure of the annulus Agr and 

non identical zero. Put in (^ r = 1, t = - and t = -. Then 

1 



s 

T 



H-J) fH-J) 



u 



u 



l/s 



27r 



27r 



= iy log|/(e^^)M^-iy log 





,(!,. 



d9. 



Putting now in (El) s = 1 and subtracting ([3]) we have 

27r 



K^,/) 



t 






dt- I 't'-" dt = - I log\ f{re'')\d9+ 



t 



27r 





27r 



+- / log 



/ ie 



TT J \T 

' ' 



d9-- flog\f{e'^)\ d9. 



(3) 



(4) 



In order to obtain Version 2 of Jensen's theorem we are going to connect 
the notion of index z/(i, /) with the counting functions of zeroes and poles of 
/• 

Let T be the unit circle and n(s, r; /) be the number of poles of / in Agr- 



It follows from the argument principle that 



and 



2n{l,t;j)+n{T,j)-2n{l,t;f)-n{TJ), 



Ki,/)-K^,/) = 

= 2 n(l, 1; i) + n(T, j) - 2 n(i 1; /) - n(T, /) 



(5) 



(6) 



under the assumption that neither zeroes nor poles of / lie on the circles 
{z : \z\ = t} and {z : z = l/t}. 

Define 

T r 

ATf n /' n(j,l;/) f n{l,t-J) , .^ .^ . ^ 
N{r,r; J) = / — ^^ dt + / at + n(T, /} log V?"^- 



t 



t 



1 1 

yield the following lemma. 



Relations 
Lemma 3. Let f be a meromorphic function on the closure of A\^ and non 

T 

identical zero. Then 



27r 



1 



iV(r,r;/)-iV(r,r;/) = — / log 

In I 







4v 



de+ 



27r 27r 

+:^ / log 1/ (re^') \de -- ( \og\f [e'') \ de+ 



27r 



TT 



(7) 











'r 



+Wl,/)log,/-. 



4^. Characteristic of / 



Now we are able to introduce a two-parameter characteristic of meromorphic 
functions in an annulus which possesses the properties like to its classical 



counterpart. We follow the Cartan idea. Applying ([Tj) to the function f{z] 
e*"^, and integrating over (p on [0, 27r] we obtain 





2tt 27r 

' 



dO + ^ f log+ 1/ (re*^) | d^- (8) 
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-iy log+ 1/ (e^^) |d^ + i^/^^^'^ - e^^)^^log^, 



of course, if the last integral exists. 

We will show that and evaluate the integral. 

Let / be a meromorphic function on T. 

Denote E+ = {T 3 z : \f{z)\ > 1} , E^j = {T 3 z : \f{z)\ = 1} and Ej = 
{T3z: \f{z)\<l}. 

Lemma 4. Let f be a meromorphic function on the unit circle T, f{z) ^ 0. 
Then 

27r 

The proof of Lemma [H needs some auxiliary results. 

Lemma 5. For each function f meromorphic on {z : \z\ = t}, f ^ 0, and 
each C G C the relation 

Ht. / - = Ht. f)-l J Im (y^^^ dz^ (9) 

holds. 

Proof. Relation (El) follows immediately from ([T]) and the idenity 



f-C f\ C-f, 



D 

Lemma 6. Let f be a meromorphic function on the unit circle T, f{z) ^ 0. 
Then 

TxT 
EJ EO 

Proof. If z G T \ Ej, i.e. \f{z)\ ^ 1, we have 

1 f dc [o, i/ 1/(^)1 >i, 



T I 1, i/ 1/(^)1 < 1- 

This is true for each z from T\E'^ except for a finite number of z. Multiplying 
the last equality by if^ and taking the real parts we obtain 

1 f r f \ I 0' if ZEE-. 



for each z from T \ E"? except for a finite number of z. Therefore, 



^ ^ ^ Ref— -A— -dzdc) = (ii; 



47r2y y v/(c-/) 

If \f{z)\ = 1, i.e. z G Ej, then /(z) = e*"(^). We will use the identity 
^^ ( T77 7\ dz d( ] = Re { — dz ] Re 



./(c-/) 7 v/ / vc-/y 

-In. (/;..) I. (^) (12) 

If E^r contains an open arc then d\og\f{z)\ = Re ij dz) = on this arc, 



because log \f{z)\ = 0. By continuity 

Re(jdzj =0 

on the closure of the arc. Thus, the intersection of £"9 with the set 
<z: Re iy dzj 7^ ^ is empty or consists of isolated points. Besides this, 

Ke- = im— -^7^ = Ke rr-nr^ — r = -. 

( - f e*'^ - e*"(^) 1 - e*("(^)~^) 2 

Hence, relation ( TT^ implies 

^ ^ R-e f ^,/ ^, rf^dC) = --^ /im ( 4^^ ) • (13) 



47r2 J V/(C-/) 7 47ry V/ 

Relations ([II]) and (^ yield ([101). □ 



Proof of Lemma \^ Applying Lemma \5\ we have 



2n 




27r 



' ' Im -f- — d^. (14) 



As 



then 



47r2y J \f{e'^-f) 

T 






2tt 

^ [ f f w 

Im — — —dzd(p 



^r^'J J V/(C-/) 

T 
I ff / f 

Re — — dz d( 



^Tr^JJ \fiC-f) 

TxT 

Applying Lemma [Q, which evaluates the last integral, and (^ we obtain the 
conclusion of Lemma [H from ([Hj). D 
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Denote 

m{T, r; /) = m f -, / j + m{r, /) - 2 m(l, /), 
where m{r, f) is usual Nevanlinna's notation. 
Definition 1. Let / be a meromorphic function on the closure of Ai^, / ^ 0. 

r 

The function 



where 



r(r,r;/) = iV(r,r;/) + m(r,r;/)+ 

+c/log- r > 1, r>l,. (15) 



is called the characteristic of f. 

A strange example. Let m G N. Then 

.p/ mx ^/ -m^ log T + log r 

T{T,r;z ) =T{T,r;z )=m . 

Note, that the introduced characteristic fits not only for meromorphic func- 
tions in the punctured plane but in arbitrary annuli including punctured disks. 

Theorem 1. Let /, / ^ 0, be a meromorphic function on the annulus Ag^mi 
So < 1 < ro. Then the function T{r,r;f) is non-negative, continuous, non- 
decreasing and convex with respect to logarithm of each variable for 1 < r < 
1/so, 1 < r < ro, 

r(l,l;/) = and T{r,r;y) = T{r,r; f). 

If Ag^ro = C \ {0}, the function f has the meromorphic continuation at the 
origin and T{r^ f) is its Nevanlinna characteristic, then 

r(r,/)-2r(l,/)<r(r,r;/)<r(r,/), r>L (17) 
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Proof. The indicated properties follow immediately from ([81), Lemma [4] and 
Lemma El Moreover, relation ([H]) implies 

27r 27r 





and 



27r 2n 





at the points of continuity of n. Thus, 

dT dT 1 f fl 1 \ 



It seems, that the last identity with some boundary condition can be a 
definition of r(r, r; /). 

Verify also the identity T{r,r; 1//) = T{r,r; /). It follows from Version 2 
of Jensen's theorem (see (iTj)) and the relation 

^u{lj) = cf-cy (18) 

Relation ([17j) is in [1]. D 



5°. First Fundamental Theorem (FFT) 

FFT. Let f be a non-constant meromorphic function in C\ {0}. Then for 
each a E C 

N \ T^r] — 1 + m I r, r; 



f-aj V f-a. 



T 



= r(r,r;/) + £i(r,r,a) + £2(a)log-, r > 1, r>l (19) 

r 
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where 

ki(T, r,a)| < 4 log+ \a\ +4 log 2, 
and 

1^2 (a) I < C*, C is a constant. (20) 



Proof. As in classical Nevanlinna theory we apply Version 2 of Jensen's theo- 
rem (see dlj)) for f{z) — a. Then 

N[r.r-——\ +^\r.r--—^ =N{T,rJ) + 

1 r 

+m (r, r; / - a) + - z/(l, / - a) log - = 

2 r 

= T (r, r-J) + m (r, r-J - a) - m (r, r; /) + 



Set 



£i(r, r; a) = m(r, r-J - a) - m{r, r; /) 



and 



£2(a) = -iy{lJ-a)-Cf. 
We have, as usually 

|£i(r, r, a)| < 41og^ \a\ + 4 log 2. 
Applying (El) for C = a we obtain 

-i/i™(7(;r7)'^^)- 

T 

Since the last integral is bounded as a function of a then ( 1^ is vahd. D 
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